P ^ NP for infinite time Turing machines 

Ralf Schindlerf] 

a Institut fur formale Logik, Universitat Wien, 1090 Wien, Austria 

rds@logic . univie . ac . at 
|Sttp : //www, logic .univie . ac . at/~rds/ 



Abstract. We state a version of the "P =?iVP" problem for infinite time 
Turing machines. It is observed that P ^ NP for this version. 

Infinite time Turing machines were introduced in jL]. The purpose of this 
note is to point out that P 7^ NP for a transfmite version of the U P =?NP" 
problem. 

A "real" is considered an element of 2 W , i.e., an infinite sequence of O's 
and l's. We'll write M for 2 W . It will be convenient to think of a Turing 
machine to come with two halting states, the accept state, and the reject 
state. 

Definition 0.1 Let A C R. We say that A is decidable in polynomial time, 
or A G P , if there are a Turing machine T and some m < u such that 

(a) T decides A (i.e, x e A iff T accepts x), and 

(b) T halts on all inputs after < u m many steps. 

With infinite time Turing machines, all inputs (i.e., reals) should be 
counted as having the same length, namely cu. So it appears reasonable 
to have a polynomial time Turing machine to be one which always halts 
after < u m many steps, for some fixed m < u). 

Definition 0.2 Let icl, and let a < u)\ + 1. We say that A is in P a if 
there are a Turing machine T and some (3 < a such that 

(a) T decides A (i.e, x G A iff T accepts x), and 

(b) T halts on all inputs after < (3 many steps. 

Of course, P = P^. Moreover, P Wl +i is just the class of all A C R which 
are decided by some Turing machine. Also: 
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Lemma 0.3 (0, Theorem 2.6) Let A C R. Tnen A G P a)2 and on/?/ i/ 
"x G is an arithmetic statement, uniformly in x (i.e., if A is in 

Lemma 0.4 Let A C R. Tnen ^4 G -P^ck i/ and on/?/ if A is a hyperarith- 
metic set, and if A £ P Ul then A is a Borel set. 

Proof. The first part is [Q] Theorem 2.7, and the second part is an 
immediate consequence of the proof thereof. □ 

We now turn to the class NP. 

Definition 0.5 Let ici. We say that A is verifiable in polynomial time, 
or A G NP, if there are a Turing machine T and some m < u such that 

(a) x G A if and only if (By T accepts x © y), and 

(b) T halts on all inputs after < u m many steps. 

Definition 0.6 Let A C R, and let a < u\ + 1. We say that A is in NP a , 
if there are a Turing machine T and some (3 < a such that 

(a) x G A if and only if (3y T accepts x © y), and 

(b) T halts on all inputs after < (3 many steps. 

Again, NP = NP^. NP a is the class of all projections of sets in P a . 
Hence every set in NP Ul+ i is analytic. 
It is now immediate that P ^ NP. 

Theorem 0.7 NP^ \ P m ^ 0. 

Proof. Let A be an appropriate universal T,\ set. There is then a 
recursive R such that 

x G A <^> 3y G R Vn < uj (x \ n, y \ n) G R. 

For given x and y, whether or not Vn < u) (x \ n, y \ n) G R can be checked 
in time uj. Therefore, A G NP u+ i. By A cannot be in P Wl , as it is not 
Borel. □ 
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